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dXt = b(Xt)dt + σ(Xt)dWt.
❈❧❛ss✐❝❛❧ ♠❡t❤♦❞s ♦❢ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❧❛✇ ♦❢ X r❡q✉✐r❡s s♦♠❡ ❦✐♥❞ ♦❢ ❞✐s✲
❝r❡t❡ ❛♣♣r♦①✐♠❛t✐♦♥✳ ❆♥ ❊✉❧❡r ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❙❉❊ ♠✐❣❤t ❜❡ ✉s❡❞
X̄(k+1)δ ∼ X̄kδ + b(X̄kδ)δ +
√
δσ(X̄kδ)N (0, 1),
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dXt = α(Xt)dt + dBt.
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❇❡s❦♦s ❡t ❛❧✳ ❬✼✱ ✻❪ ♣r♦♣♦s❡❞ ❛♥ ❡①❛❝t s✐♠✉❧❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧
❙❉❊ ✇✐t❤ ❝♦♥st❛♥t ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t✳ ▲❡t ✉s ❜r✐❡✢② r❡❝❛❧❧ ❤❡r❡ t❤❡ ♠❛✐♥ ✐❞❡❛
♦❢ t❤❡✐r ♠❡t❤♦❞✳ ❚❤❡② ❝❛♥ s✐♠✉❧❛t❡ t❤❡ ♣r♦❝❡ss X s♦❧✉t✐♦♥ t♦ t❤❡ ❙❉❊✿
dXt = α(Xt)dt + dBt. ✭✶✮
❚❤❛♥❦s t♦ ●✐rs❛♥♦✈ ❚❤❡♦r❡♠✱ t❤❡② ♦❜t❛✐♥
E
[
f(Xt, t ∈ [0, T ])
]
=
E
[
f(Bt, t ∈ [0, T ]) exp
(
∫ T
0
α(Bs)dBs −
∫ T
0
α2(Bs)
2
ds
)]
✇❤❡r❡ Bt ✐s ❛ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✳ ❇❡❝❛✉s❡ ♦❢ t❤❡ ❞✐♠❡♥s✐♦♥✱
t❤❡② r❡♠♦✈❡ t❤❡ st♦❝❤❛st✐❝ ✐♥t❡❣r❛❧✿
∫ T
0
α(Bs)dBs = A(BT ) − A(B0) −
∫ T
0
α′(Bs)
2
ds,
✷
✇❤❡r❡ A(x) =
∫ x
0
α(y)dy✳ ❋✐♥❛❧❧②✱
E
[
f(Xt, t ∈ [0, T ])
]
=
E
[
f(BT , t ∈ [0, T ]) exp
(
A(Bt) − A(B0) −
∫ T
0
α2(Bt) + α
′(Bt)
2
dt
)]
.
■♥ ❬✽❪✱ t❤❡ ❛✉t❤♦rs r❡♣❧❛❝❡ t❤❡ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ B ❜② ❛ ❇r♦✇♥✐❛♥ ❜r✐❞❣❡ B̃ ✇✐t❤
B̃T ∼ C exp
(
− (x − x0)
2
2T
+
∫ x
0
α(y)dy
)
dx
✭t❤❡② ❛ss✉♠❡ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ exp
(
− (x − x0)
2
2T
+
∫ x
0
α(y)dy
)
✱ x ∈ R ✐s ✐♥t❡✲
❣r❛❜❧❡✮✳
❚❤❡② ✉s❡ t❤❡ ♥♦t❛t✐♦♥ ϕ(x) = 12
(
α2(x) + α′(x)
)
✳ ❆ss✉♠❡ ✜rst t❤❛t ϕ ✐s
♥♦♥✲♥❡❣❛t✐✈❡ ❛♥❞ t 7→ ϕ(B̃t) ✐s ❛❧♠♦st s✉r❡❧② ❜♦✉♥❞❡❞✳
E [f(Xt, t ∈ [0, T ])] = KE
[
f(B̃t, 0 ≤ t ≤ T ) exp
(
−
∫ T
0
ϕ(B̃t)dt
)]
✭✷✮
❚❤✐s ✐❞❡♥t✐t② ♣❡r♠✐ts t♦ s✐♠✉❧❛t❡ ❡①❛❝t❧② t❤❡ ❞✐✛✉s✐♦♥ X ✇✐t❤ ❛ r❡❥❡❝t✐♦♥ ♣r♦✲
❝❡❞✉r❡✳ ❚❤❡② s✐♠✉❧❛t❡ t❤❡ ❇r♦✇♥✐❛♥ ❜r✐❞❣❡ ❛♥❞ ❛❝❝❡♣t t❤❡ tr❛❥❡❝t♦r② ✇✐t❤
♣r♦❜❛❜✐❧✐t② exp
(
−
∫ T
0
ϕ(B̃t)dt
)
✳ ▲❡t ✉s ❞❡♥♦t❡ ❜② K(ω) t❤❡ ✉♣♣❡r ❜♦✉♥❞✱ ✇❡
❝❛♥ s✐♠✉❧❛t❡ ❛ P♦✐ss♦♥ P♦✐♥t Pr♦❝❡ss ♦♥ [0, T ]× [0,K(ω)]✳ ❚❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t
t❤❡r❡ ✐s ♥♦ ♣♦✐♥t ♦❢ t❤❡ P♦✐ss♦♥ P♦✐♥t Pr♦❝❡ss ✐♥ t❤❡ ❞♦♠❛✐♥
D(ω) =
{
(t, y) ∈ [0, T ] × [0,K(ω)], y ≤ ϕ(B̃t)
}
✐s ❡①❛❝t❧② exp
(
−
∫ T
0
ϕ(B̃t)dt
)
✳ ❙♦✱ ✐♥ ♦r❞❡r t♦ ❛❝❝❡♣t ❛ tr❛❥❡❝t♦r②✱ ✇❡ ♦♥❧② ♥❡❡❞
t♦ ❦♥♦✇ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❇r♦✇♥✐❛♥ ❜r✐❞❣❡ ❛t t❤❡ t✐♠❡s ♦❢ t❤❡ r❡❛❧✐③❛t✐♦♥ ♦❢
t❤❡ P♦✐ss♦♥ P♦✐♥t Pr♦❝❡ss✱ t❤❛t ✐s ❛t ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ t✐♠❡s✳ ❆ tr❛❥❡❝t♦r② ♦❢
❇r♦✇♥✐❛♥ ❜r✐❞❣❡ ✐s ❛❝❝❡♣t❡❞ ✇✐t❤ ♣r♦❜❛❜✐❧✐t②
a = E
(
exp
(
−
∫ T
0
ϕ(B̃t)dt
))
. ✭✸✮
■♥ t❤❡✐r ♣❛♣❡r✱ ❇❡s❦♦s ❡t ❛❧✳ ❣✐✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❧❣♦r✐t❤♠✿
❙t❡♣ ✶ ❙✐♠✉❧❛t❡ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ Y ✇✐t❤ ❞❡♥s✐t②
h(u) = C1 exp
(∫ u
0
α(y)dy − (u − x0)
2
2T
)
, ✭✹✮
✇❤❡r❡ C1 ✐s ❛ ♥♦r♠❛❧✐③❛t✐♦♥
❙t❡♣ ✷ ❙✐♠✉❧❛t❡ ❛ P♦✐ss♦♥ P♦✐♥t Pr♦❝❡ss ✇✐t❤ ✉♥✐t ✐♥t❡♥s✐t② ♦♥ [0, T ] × [0,K]✳
❚❤❡ r❡s✉❧t ✐s ❛ r❛♥❞♦♠ ♥✉♠❜❡r n ♦❢ ♣♦✐♥ts✿ ((t1, z1), · · · , (tn, zn))
✸
❙t❡♣ ✸ ❙✐♠✉❧❛t❡ t❤❡ ❇r♦✇♥✐❛♥ ❇r✐❞❣❡ ❛t t✐♠❡s t1, · · · , tn
❙t❡♣ ✹ ■❢ ∀i ∈ 1, · · · , n✱ ϕ(B̃ti) ≤ zi✱ ❛❝❝❡♣t t❤❡ tr❛❥❡❝t♦r②✳ ❊❧s❡✱ r❡t✉r♥ t♦
❙t❡♣ ✶
❘❡♠❛r❦ ✶✳ ✶✳ ■❢ ϕ ✐s ♥♦ ♠♦r❡ s✉♣♣♦s❡❞ t♦ ❜❡ ♥♦♥✲♥❡❣❛t✐✈❡ ❜✉t ♦♥❧② ❜♦✉♥❞❡❞
❜❡❧❧♦✇✱ ✇❡ r❡♣❧❛❝❡ ϕ ❜② ϕ(x) − infy∈R ϕ(y)✳
✷✳ ■♥ ❬✻❪✱ t❤❡ ❛✉t❤♦rs ❣❡♥❡r❛❧✐③❡ t❤✐s ♠❡t❤♦❞ t♦ ❞r✐❢t α s✉❝❤ t❤❛t ❛t ❧❡❛st ♦♥❡
♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥ ✐s s❛t✐s✜❡❞✿
✭❛✮ lim sup
x→+∞
α2(x) + α′(x) < +∞
✭❜✮ lim sup
x→−∞
α2(x) + α′(x) < +∞
❙✉♣♣♦s❡ ❢♦r ✐♥st❛♥❝❡ t❤❛t t❤❡ ✜rst ❝♦♥❞✐t✐♦♥ ✐s s❛t✐s✜❡❞✿ t❤❡② ✜rst s✐♠✉❧❛t❡
t❤❡ ♠✐♥✐♠✉♠ m ♦❢ t❤❡ ❇r♦✇♥✐❛♥ ❇r✐❞❣❡ B̃ ❛♥❞ t❤❡ ✐♥st❛♥t θ ✇❤❡r❡ t❤✐s
♠✐♥✐♠✉♠ ✐s r❡❛❧✐③❡❞✳ ❚❤❡ ❧❛✇ ♦❢ B̃ ❝♦♥❞✐t✐♦♥❡❞ ❜② (m, θ) ✐s ❦♥♦✇♥ ❛♥❞
t❤❡ ❡①❛❝t s✐♠✉❧❛t✐♦♥ ♦❢ t❤✐s ♣r♦❝❡ss ✐s ❛✈❛✐❧❛❜❧❡✳
✸✳ ❲❡ ❝❛♥ t❤❡♥ ♦❜s❡r✈❡ t❤❛t ❡✈❡r② ❇r♦✇♥✐❛♥ tr❛❥❡❝t♦r② ❤❛s ❛ ♣♦s✐t✐✈❡ ♣r♦❜❛✲
❜✐❧✐t② ♦❢ ❜❡❡✐♥❣ ❛❝❝❡♣t❡❞ ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ♠❡t❤♦❞ ♦❢ s✐♠✉❧❛t✐♦♥ ✐s ❡✣❝✐❡♥t✱
✐t ✇♦♥✬t r❡❥❡❝t ❡✈❡r② tr❛❥❡❝t♦r②✳
✷✳✷ ❆♥♦t❤❡r ✇❛② t♦ s✐♠✉❧❛t❡ t❤❡ P♦✐ss♦♥ Pr♦❝❡ss
■♥ ♦r❞❡r t♦ ❞❡❝✐❞❡ ✐❢ ❛ ❇r♦✇♥✐❛♥ ❜r✐❞❣❡ ✐s ❛❝❝❡♣t❡❞✱ ✇❡ ♥❡❡❞ ♦♥❧② t♦ ❦♥♦✇ ✐❢ ✭❛t
♠♦st✮ ♦♥❡ ♣♦✐♥t ♦❢ t❤❡ P♦✐ss♦♥ Pr♦❝❡ss ✐s ❜❡❧♦✇ t❤❡ ❝✉r✈❡ ((t, ϕ(B̃t))✱ 0 ≤ t ≤ T )✳
❙♦ ✇❡ ❞♦ ♥♦t ♥❡❡❞ t♦ s✐♠✉❧❛t❡ t❤❡ ✇❤♦❧❡ P♦✐ss♦♥ Pr♦❝❡ss✳ ❲❡ st♦♣ t❤❡ s✐♠✉❧❛t✐♦♥
❛s s♦♦♥ ❛s ♦♥❡ ♣♦✐♥t ♦❢ t❤❡ PP r❡❥❡❝t t❤❡ tr❛❥❡❝t♦r②✳ ❙♦♦♥❡r t❤❡ r❡❥❡❝t✐♦♥ ♦❝❝✉rs✱
❢❛st❡r ✐s t❤❡ ♣r♦❝❡❞✉r❡✳ ❙♦✱ ✇❡ ♣r♦♣♦s❡ t♦ s✐♠✉❧❛t❡ t❤❡ PP (t1, z1), · · · (tn, zn)
✇✐t❤ z1 ≤ z2 ≤ · · · ≤ zn✳
■♥ ♣r❛❝t✐❝❡✱ ✇❡ ❣❡♥❡r❛t❡ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ z1 ✇✐t❤ ❡①♣♦♥❡♥t✐❛❧ ❧❛✇ ♦❢ ♣❛✲
r❛♠❡t❡r T ✭E(T )✮ ❛♥❞ t1 ❤❛s ❛ ✉♥✐❢♦r♠ ❧❛✇ ♦♥ [0, T ]✳ ❲❡ s✐♠✉❧❛t❡ t❤❡ ❇r♦✇♥✐❛♥
❜r✐❞❣❡ B̃t1 ❛t t✐♠❡ t1✳
• ■❢ z1 < ϕ(B̃t1)✱ ✇❡ r❡❥❡❝t t❤❡ s✐♠✉❧❛t✐♦♥
• ❊❧s❡✱ ✇❡ ❣❡♥❡r❛t❡ z2 − z1 ∼ E(T )✱ t2 ∼ U(0, T )✱ ✇❡ s✐♠✉❧❛t❡ t❤❡ ❇r♦✇♥✐❛♥
❜r✐❞❣❡ B̃t2 ❛t t✐♠❡ t2✱ ❝♦♥❞✐t✐♦♥❛❧❧② ♦♥ (B̃0, B̃t1 , B̃T )✱ ❛♥❞ ❝♦♠♣❛r❡ z2 ❛♥❞
ϕ(B̃t2)✱ ❡t❝✳
✷✳✸ ❊①t❡♥s✐♦♥
❚❤✐s ♠❡t❤♦❞ ♣❡r♠✐ts t♦ st❛rt t❤❡ ❛❧❣♦r✐t❤♠ ❡✈❡♥ ✐❢ K(ω) = sup
t∈[0,T ]
ϕ(B̃t) ✐s ♥♦t
❡❛s② t♦ ❡st✐♠❛t❡✳ ■♥❞❡❡❞✱ ✇✐t❤ ♦✉r ♠❡t❤♦❞✱ ✇❡ ♦♥❧② ♥❡❡❞ K(ω) ✐♥ ♦r❞❡r t♦
❞❡❝✐❞❡ t♦ st♦♣ t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ P♦✐ss♦♥ P♦✐♥t Pr♦❝❡ss✳ ❙✉♣♣♦s❡ t❤❛t ✇❡
❤❛✈❡ ❣❡♥❡r❛t❡❞ t❤❡ n ✜rst ♣♦✐♥ts ♦❢ t❤❡ PPP✱ t❤❛t ✐s (t1, z1), · · · (tn, zn) ✇✐t❤
z1 ≤ z2 ≤ · · · ≤ zn✳ ■❢ zn ≥ K(ω)✱ ✇❡ ❛❝❝❡♣t t❤❡ tr❛❥❡❝t♦r② ❛♥❞ ✇❡ ♦❜t❛✐♥ ❛♥
❡①❛❝t r❡❛❧✐③❛t✐♦♥ ♦❢ X✳
■❢ ✇❡ ❞♦♥✬t ❦♥♦✇ ❡①❛❝t❧② ❤♦✇ t♦ ❝♦♠♣✉t❡ K(ω) ✭♦r ❛♥ ✉♣♣❡r ❜♦✉♥❞✮✱ ✇❡ ❝❛♥
❣❡♥❡r❛❧✐③❡ ♦✉r ♠❡t❤♦❞✳ ❲❡ ❣❡♥❡r❛t❡ t❤❡ n ✜rst ♣♦✐♥ts (t1, z1), · · · (tn, zn) ♦❢ t❤❡
✹
P♦✐ss♦♥ P♦✐♥t Pr♦❝❡ss✳ ❲❡ s✉♣♣♦s❡ t❤❛t ✇❡ ❤❛✈❡ ♥♦t r❡❥❡❝t❡❞ t❤❡ tr❛❥❡❝t♦r②✱
t❤❛t ✐s t❤❡ r❡s✉❧t ✐s s✉❝❤ t❤❛t ∀i = 1, · · · , n✱ ϕ(B̃ti) < zi✳ ■♥ t❤❡ ♥❡①t ❙❡❝t✐♦♥✱
✇❡ ❡st✐♠❛t❡ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❛❝❝❡♣t✐♥❣ ❛ ✇r♦♥❣ tr❛❥❡❝t♦r②✳
✸ ❈♦♥tr♦❧ ♦❢ t❤❡ ❡rr♦r
❲❡ s✉♣♣♦s❡ ✐♥ t❤✐s ❙❡❝t✐♦♥ t❤❛t ✇❡ ❛r❡ ♥♦t ❛❜❧❡ t♦ ♦❜t❛✐♥ ❡①❛❝t❧② ❛♥ ✉♣♣❡r
❜♦✉♥❞ ♦❢ K(ω) = sup0≤t≤T ϕ(B̃t) ❛♥❞ ✇❡ s✐♠✉❧❛t❡ t❤❡ P♦✐ss♦♥ P♦✐♥t Pr♦❝❡ss
✇✐t❤ ✐♥❝r❡❛s✐♥❣ ♦r❞✐♥❛t❡ z✳ ■❢ ✇❡ ❞❡❝✐❞❡ t♦ st♦♣ t❤❡ ♣r♦❝❡❞✉r❡ ❛♥❞ t♦ ❛❝❝❡♣t t❤❡
tr❛❥❡❝t♦r②✱ ✇❡ ♥❡❡❞ t♦ ❡st✐♠❛t❡ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❛❝❝❡♣t✐♥❣ ❛ ✇r♦♥❣ tr❛❥❡❝t♦r②
✭✇❡ s❛② t❤❛t ✇❡ ❤❛✈❡ ♠✐ss❡❞ ❛ r❡❥❡❝t✐♦♥✮✳ ❆♥ ✉♣♣❡r ❜♦✉♥❞ ♦❢ t❤✐s ♣r♦❜❛❜✐❧✐t② ✐s
❣✐✈❡♥ ❜② t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡ ♠❛①✐♠✉♠ ♦❢ t❤❡ tr❛❥❡❝t♦r② ✐s ❣r❡❛t❡r t❤❛♥ zn✿
P
(
sup
t∈[0,T ]
ϕ(B̃t) > zn
∣
∣
∣
∣
∣
B̃t1 , · · · , B̃tn
)
■♥ ❙❡❝t✐♦♥ ✸✳✶✱ ✇❡ ❡st✐♠❛t❡ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ♠✐ss❡❞ r❡❥❡❝t✐♦♥ ❢♦r ❛ ❣✐✈❡♥
♣❛t❤ ♦❢ ❇r♦✇♥✐❛♥ ❇r✐❞❣❡✳ ■♥ ❙❡❝t✐♦♥ ✸✳✷✱ ✇❡ ❞❡❝✐❞❡ t♦ s✐♠✉❧❛t❡ t❤❡ P♦✐ss♦♥
P♦✐♥t Pr♦❝❡ss ♦♥ [0, T ] × [0,K] ❢♦r ❛ ❣✐✈❡♥ K ✐♥st❡❛❞ ♦❢ t❤❡ ❝♦♠♣❧❡t❡ P♦✐ss♦♥
P♦✐♥t Pr♦❝❡ss ♦♥ [0, T ] × R+✳
✸✳✶ ❊st✐♠❛t✐♦♥ ❢♦r ❛ ❣✐✈❡♥ tr❛❥❡❝t♦r②
■♥ ♦r❞❡r t♦ ❣✐✈❡ t❤❡ r❡s✉❧t✱ ✇❡ ✐♥tr♦❞✉❝❡ s♦♠❡ ♥♦t❛t✐♦♥s✳
• t❤❡ ♦r❞❡r❡❞ t✐♠❡s 0 = t(0) < t(1) < · · · < t(n) < t(n+1) = T
• t❤❡ s❡t S(zn)
S(zn) = ϕ
−1((zn,+∞)) = {x ∈ R s✳t✳ ϕ(x) > zn} ✭✺✮
• t❤❡ ❞✐st❛♥❝❡ d ❜❡t✇❡❡♥ ❛ ♣♦✐♥t x ❛♥❞ ❛ s❡t S✿ d(x, S) = infy∈S |x − y|✳
❚❤❡♦r❡♠ ✶✳ ▲❡t ✉s ❛ss✉♠❡ t❤❛t
• ❚❤❡ tr❛❥❡❝t♦r② ❤❛s ♥♦t ❜❡❡♥ r❡❥❡❝t❡❞ ❜② t❤❡ n ✜rst ♣♦✐♥ts ♦❢ t❤❡ P♦✐ss♦♥
P♦✐♥t Pr♦❝❡ss
• ❚❤❡ ♣♦✐♥ts B̃(ti)✱ i = 0, · · · , n + 1 ❛r❡ ✐♥ ❛♥ ✉♥✐q✉❡ ❝♦♥♥❡❝t❡❞ s❡t ♦❢ t❤❡
❝♦♠♣❧❡♠❡♥t ♦❢ S(zn)✿
[
min
i=0,··· ,n+1
B̃(ti), maxi=0,··· ,n+1
B̃(ti)
]
∩ S(zn) = ∅
✳
❚❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ♠✐ss❡❞ r❡❥❡❝t✐♦♥✱ t❤❛t ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❛❝❝❡♣t✐♥❣ t❤❡ tr❛✲
❥❡❝t♦r② t❤❛t ✇❡ ❤❛✈❡ t♦ r❡❥❡❝t ✐s ❜♦✉♥❞❡❞ ❜②
2
n+1∑
i=1
exp
(
−2
d(B̃t(i) , S(zn))d(B̃t(i−1) , S(zn))
t(i) − t(i−1)
)
✺
Pr♦♦❢✳ ❚❤❡ r❡❛❧✐③❛t✐♦♥ ♦❢ t❤❡ P♦✐ss♦♥ P♦✐♥t Pr♦❝❡ss ♦♥ [0, T ]×R ✐s ❛ s❡t ♦❢ ♣♦✐♥ts
(ti, zi), i ≥ 1✳ ❚❤❡ s✐♠✉❧❛t✐♦♥ ❤❛s t♦ ❜❡ ❛❝❝❡♣t❡❞ ✐❢ ✐t s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥✿
∀i ∈ N✱ ϕ
(
B̃ti
)
< zi✳
❲❡ ❤❛✈❡ ❝❤♦s❡♥ t♦ s✐♠✉❧❛t❡ t❤❡ PPP s✉❝❤ t❤❛t ∀k > n✱ zk > zn✳ ❙♦✱ ✇❡
❤❛✈❡ t❤❡ ✐♥❝❧✉s✐♦♥
⋂
k>n
{
ϕ(B̃tk) > zk
}
⊂
{
sup
t∈[0,T ]
ϕ(B̃t) > zn
}
❲❡ ✐♥tr♦❞✉❝❡ t✇♦ ♣❛rt✐❝✉❧❛r ❡①tr❡♠❡ ♣♦✐♥ts ♦❢ S(zn)✿
mn = sup
{
x ∈ S(zn) s✳t✳ x < ϕ(B̃(ti)) ❢♦r i = 0, · · · , n + 1
}
Mn = inf
{
x ∈ S(zn) s✳t✳ x > ϕ(B̃(ti)) ❢♦r i = 0, · · · , n + 1
}
❙♦✱ ✇❡ ♦❜t❛✐♥✿
P
(
sup
t∈[0,T ]
ϕ(B̃t) > zn
)
≤
∑
i
P
(
sup
t∈[t(i−1),t(i)]
B̃t > Mn
)
+P
(
inf
t∈[t(i−1),t(i)]
B̃t < mn
)
❲❡ r❡❝❛❧❧ t❤❡ ❧❛✇ ♦❢ t❤❡ ♠❛①✐♠✉♠ ♦❢ ❛ ❇r♦✇♥✐❛♥ ❜r✐❞❣❡
P
(
sup
0≤s≤t
Bs > y
∣
∣
∣
∣
B0 = x,Bt = z
)
= exp
(
−2(y − x)(y − z)
t
)
. ✭✻✮
❚❤✐s ❡♥❞s t❤❡ ♣r♦♦❢✳
❘❡♠❛r❦ ✷✳ ❛✲ ❚❤❡ r❡❧❡✈❛♥t q✉❛♥t✐t② ✐s βi =
d(B̃t(i) , S(zn))d(B̃t(i−1) , S(zn))
t(i) − t(i−1)
✳
❲❡ ✐♥tr♦❞✉❝❡ β = mini βi✳ ❙♦✱ t❤❡ ✉♣♣❡r ❜♦✉♥❞ ✐♥ ❚❤❡♦r❡♠ ✶ ❝❛♥ ❜❡ r❡✲
♣❧❛❝❡❞ ❜② 2(n + 1) exp(−2β)✳ ■❢ β ✐s ♥♦t ❜✐❣ ❡♥♦✉❣❤ ✭t❤❛t ✐s exp(−2β) ✐s
♥♦t s♠❛❧❧ ❡♥♦✉❣❤✮✱ ✇❡ ❤❛✈❡ t♦ ❣❡♥❡r❛t❡ ♠♦r❡ ♣♦✐♥ts ♦❢ t❤❡ P♦✐ss♦♥ P♦✐♥t
Pr♦❝❡ss✳ ■♥ ♦r❞❡r t♦ ❤❛✈❡ ❛ ❢❛st ❛❧❣♦r✐t❤♠✱ ✇❡ ❝❛♥ ❞❡❝✐❞❡ t♦ ❣❡♥❡r❛t❡ t❤❡
P♦✐ss♦♥ P♦✐♥t Pr♦❝❡ss ♦♥ (t(i−1), t(i)) × (zn,+∞) ❢♦r i s✉❝❤ t❤❛t βi ✐s s♠❛❧❧✳
❜✲ ❖❜✈✐♦✉s❧②✱ ✇❡ ❛❧s♦ ♥❡❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ ♣r♦❜❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥❡❞ ❜② θ ❛♥❞
B̃θ = m(= inft∈[0,T ] B̃t) ✐❢ ✇❡ ❤❛✈❡ ❣❡♥❡r❛t❡❞ t❤❡s❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳ ■♥ t❤✐s
❝❛s❡✱ ✇❡ ❦♥♦✇ t❤❛t (B̃θ+t−m, t ∈ [0, T −θ]) ❛♥❞ (B̃θ−t−m, t ∈ [0, θ]) ❛r❡ t✇♦
✐♥❞❡♣❡♥❞❡♥t ❇❡ss❡❧ ❇r✐❞❣❡s st❛rt✐♥❣ ❢r♦♠ ✵✱ t❤❛t ✐s t❤❡ ♥♦r♠ ♦❢ ❛ st❛♥❞❛r❞
❇r♦✇♥✐❛♥ ❜r✐❞❣❡ ♦❢ ❞✐♠❡♥s✐♦♥ ✸✳ ❚♦ s✐♠✉❧❛t❡ t❤❡ ❇❡ss❡❧ ❇r✐❞❣❡ B̄ st❛rt✐♥❣
❢r♦♠ ✵ ♣❛t❤s✱ ✇❡ ❣❡♥❡r❛t❡ t❤r❡❡ ✐♥❞❡♣❡♥❞❡♥t ❇r♦✇♥✐❛♥ ❜r✐❞❣❡s W 1✱ W 2 ❛♥❞
W 3 ❛♥❞ ✇❡ ✉s❡ t❤❡ ✐❞❡♥t✐t② B̄t =
√
(W 1t )
2 + (W 2t )
2 + (W 3t )
2✳ ❙♦✱ ✇❡ ❝❛♥
❞❡❞✉❝❡ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦❢ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ♠✐ss❡❞ r❡❥❡❝t ✐♥ t❤✐s ❝❛s❡✳
✸✳✷ ❘❡str✐❝t✐♦♥ ♦❢ t❤❡ ❞♦♠❛✐♥ ❢♦r t❤❡ P♦✐ss♦♥ P♦✐♥t Pr♦✲
❝❡ss
■♥ t❤✐s ❙❡❝t✐♦♥✱ ✇❡ ❞❡❝✐❞❡ t♦ s✐♠✉❧❛t❡ ❛ P♦✐ss♦♥ P♦✐♥t Pr♦❝❡ss ✇✐t❤ ✉♥✐t ✐♥t❡♥s✐t②
♦♥ [0, T ] × [0,K] ✐♥st❡❛❞ ♦❢ [0, T ] × R+✳ ❙♦✱ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❛❝❝❡♣t✐♥❣ ❛ tr❛✲
❥❡❝t♦r② ✐s E
(
exp
(
−
∫ T
0
ϕ(B̃(t)) ∧ Kdt
))
✐♥st❡❛❞ ♦❢ E
(
exp
(
−
∫ T
0
ϕ(B̃(t))dt
))
✳
✻
❆s ✐♥ ❙❡❝t✐♦♥ ✸✳✶✱ ✇❡ ✐♥tr♦❞✉❝❡ S(K) ✭✺✮✳ ❲❡ ❛ss✉♠❡ t❤❛t K ✐s ❧❛r❣❡ ❡♥♦✉❣❤
s✉❝❤ t❤❛t S(K) = (−∞,mK) ∪ (MK ,+∞) ✭−∞ ≤ mK < x < MK ≤ +∞✮✳
❚❤❡♦r❡♠ ✷✳ ❲❡ ❦❡❡♣ t❤❡ ♥♦t❛t✐♦♥✱ t❤❡ r❡❛❧✐③❛t✐♦♥ ♦❢ t❤❡ P♦✐ss♦♥ P♦✐♥t Pr♦❝❡ss
♦♥ [0, T ]×R+ ✐s ❛ ❝♦✉♥t❛❜❧❡ s❡t ♦❢ ♣♦✐♥ts (ti, zi) ✇❤❡r❡ (zi)i∈N ✐s ❛♥ ✐♥❝r❡❛s✐♥❣
s❡q✉❡♥❝❡✳ ❲❡ ❞❡♥♦t❡ ❜② A(K) t❤❡ ❡✈❡♥t ♦❢ ♥♦t r❡❥❡❝t✐♥❣ t❤❡ tr❛❥❡❝t♦r② ✇✐t❤ t❤❡
♣♦✐♥ts s✉❝❤ t❤❛t zi ≤ K✱ t❤❛t ✐s
A(K) =
⋂
zi≤K
{
ϕ
(
B̃ti
)
< zi
}
❆♥ ✉♣♣❡r ❜♦✉♥❞ ♦❢ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ♠✐ss❡❞ r❡❥❡❝t✐♦♥ ✐s ❣✐✈❡♥ ❜②
P
(
⋃
x>K
A (x)
C |A (K)
)
≤P
(
Y >
MK
2
)
+ exp
(
−MK(MK − x)
T
)
+ P
(
Y <
mK
2
)
+ exp
(
−mK(mK − x)
T
)
✇❤❡r❡ Y ✐s t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ❣❡♥❡r❛t❡❞ ❛t ❙t❡♣ ✶ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✱ ✇✐t❤
❞❡♥s✐t② ❣✐✈❡♥ ❜② ✭✹✮✳
Pr♦♦❢✳ ❲❡ ❛❣❛✐♥ ❝♦♥tr♦❧ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ r❡❥❡❝t✐♦♥ ♦❢ ❛ tr❛❥❡❝t♦r② ✐♥ A (K) ❜②
t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ✐t r❡❛❝❤❡s mK ♦r MK ✳ ●✐✈❡♥ Y = u✱ ✇❡ ✉s❡ t❤❡ ❧❛✇ ♦❢ t❤❡
♠❛①✐♠✉♠ ♦❢ ❛ ❇r♦✇♥✐❛♥ ❜r✐❞❣❡ ✭✻✮
P
(
⋃
x>K
A (x)
C
∣
∣
∣
∣
∣
A (K)
)
=
P
(
⋃
x>K A (x)
C ∩ A(K)
)
P(A(K))
≤
P
(
⋃
x>K A (x)
C
)
P(A(∞))
≤
∫
P
(
sup
0≤t≤T
B̃t > MK
∣
∣
∣
∣
Y = u
)
h(u)du
P(A(∞))
+
∫
P
(
inf
0≤t≤T
B̃t < mK
∣
∣
∣
∣
Y = u
)
h(u)du
P(A(∞))
❆s ♥♦t❡❞ ✐♥ ❘❡♠❛r❦ ✶ t❤❡ ❞❡♥♦♠✐♥❛t♦r ✐s str✐❝t❧② ♣♦s✐t✐✈❡✱ P (A(∞)) ✐s t❤❡
❣❧♦❜❛❧ ♣r♦❜❛❜✐❧✐t② ♦❢ ❛❝❝❡♣t❛t✐♦♥ ♦❢ ❛ ❇r♦✇♥✐❛♥ tr❛❥❡❝t♦r②✳
▲❡t ✉s ❞❡t❛✐❧ t❤❡ ✐♥❡q✉❛❧✐t② ❢♦r t❤❡ ✜rst t❡r♠
I1 =
∫
P
(
sup
0≤t≤T
B̃t > MK
∣
∣
∣
∣
Y = u
)
h(u)du
≤
∫ ∞
MK
2
h(u)du
+
∫ MK
2
−∞
exp
(
−2(MK − x)(MK − u)
T
)
h(u)du
≤P
(
Y >
MK
2
)
+ exp
(
−MK(MK − x)
T
)
❲❡ ✉s❡ ❛ s✐♠✐❧❛r ✐♥❡q✉❛❧✐t② ❢♦r t❤❡ ♠✐♥✐♠✉♠ ♦❢ ❛ ❇r♦✇♥✐❛♥ ❜r✐❞❣❡ t♦ ❡♥❞ t❤❡
♣r♦♦❢
✼
❘❡♠❛r❦ ✸✳ ✶✳ ❚❤❡ r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤✐s ♠❡t❤♦❞ ❞❡♣❡♥❞s ♦♥ t❤❡ ❞r✐❢t
α ♦❢ t❤❡ ❞✐✛✉s✐♦♥✳ ■❢ limx±∞
α(x)
x = 0✱ ✇❡ ♦❜t❛✐♥ ❛ ❣❛✉ss✐❛♥ r❛t❡ ♦❢
❝♦♥✈❡r❣❡♥❝❡✳
✷✳ ❆♥♦t❤❡r ❛❧❣♦r✐t❤♠ ♦❢ s✐♠✉❧❛t✐♦♥ ❝♦♥s✐sts ✐♥ ❦❡❡♣✐♥❣ ✜①❡❞ t❤❡ ♥✉♠❜❡r n
♦❢ ❣❡♥❡r❛t❡❞ ♣♦✐♥ts ♦❢ t❤❡ P♦✐ss♦♥ P♦✐♥t Pr♦❝❡ss✳ ❚❤✐s ♠❡t❤♦❞ ♣❡r♠✐ts t♦
❝♦♥tr♦❧ t❤❡ ♠❛①✐♠✉♠ t✐♠❡ ♦❢ s✐♠✉❧❛t✐♦♥ ❢♦r ❛ tr❛❥❡❝t♦r②✳ ❲❡ ❛❧s♦ ❛r❡ ❛❜❧❡
t♦ ❣✐✈❡ ❛ ❝♦♥tr♦❧ ♦❢ t❤❡ ❡rr♦r✳ ✭✇❡ ✐♥t❡❣r❛t❡ t❤❡ ❧❛st r❡s✉❧t ✐♥ K ❛❣❛✐♥st
t❤❡ ❧❛✇ ♦❢ t❤❡ s✉♠ ♦❢ zn✮✳
✹ ❈■❘ ▼♦❞❡❧✿ ❉❡t❛✐❧s ♦❢ t❤❡ ❆❧❣♦r✐t❤♠
■♥ t❤✐s ♣❛rt✱ ✇❡ ❛♣♣❧② ♦✉r ❛❧❣♦r✐t❤♠ t♦ t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❈♦① ■♥❣❡rs♦❧❧
❘♦ss Pr♦❝❡ss ✭❈■❘✮✱ ✉s✉❛❧❧② ✉s❡❞ t♦ ♠♦❞❡❧ s❤♦rt r❛t❡ ♦r ✈♦❧❛t✐❧✐t② ❢♦r st♦❝❤❛st✐❝
✈♦❧❛t✐❧✐t② ♠♦❞❡❧ ♦♥ ❛ss❡t✳ ❚❤✐s ♣r♦❝❡ss ✐s ❣♦✈❡r♥❡❞ ❜②
VT = V0 +
∫ T
0
κ (V∞ − Vt) dt + ε
∫ T
0
√
VtdBt ✭✼✮
✇❤❡r❡ κ✱ V∞ ❛♥❞ ε ❛r❡ ❝♦♥st❛♥t✳ ■♥ ❞✐♠❡♥s✐♦♥ ✶✱ ❛ ❝❧❛ss✐❝❛❧ tr❛♥s❢♦r♠ ✭▲❛♠✲
♣❡rt✐✮ ♣❡r♠✐ts t♦ r❡♣❧❛❝❡ t❤❡ ✈♦❧❛t✐❧✐t② ❜② ❛ ❝♦♥st❛♥t✳
Xt =
2
√
Vt
ε
=: η(Vt)
❚❤❡ ❙❉❊ s❛t✐s✜❡❞ ❜② X ✐s✿
dXt = η
′(Vt)dVt +
1
2
η′′(Vt)d 〈V 〉t
=
1
ε
√
Vt
(
κ(V∞ − Vt)dt + ε
√
VtdBt
)
− ε
2Vt
4εV
3/2
t
dt
=
(
1
Xt
(
2κV∞
ε2
− 1
2
)
− κXt
2
)
dt + dBt
❚❤✉s X s❛t✐s✜❡s ❛♥ ❙❉❊ ♦❢ t②♣❡ ✭✶✮ ✇✐t❤
α(x) =
1
x
(
2κV∞
ε2
− 1
2
)
− κx
2
❢♦r x > 0.
❋♦❧❧♦✇✐♥❣ ❇❡s❦♦s ❡t ❛❧✳ ❛❧❣♦r✐t❤♠✱ ✇❡ ❤❛✈❡ ✜rst t♦ ❜❡ s✉r❡ t❤❛t ϕ1(x) =
1
2 (α
2(x) + α′(x)) ✐s ❜♦✉♥❞❡❞ ❜❡❧♦✇✳
ϕ1(x) =
α2(x) + α′(x)
2
=
((
2κV∞
ε2
− 1
)2
− 1
4
)
1
2x2
+
κ2
8
x2 − κ
2V∞
ε2
❚❤✐s ❢✉♥❝t✐♦♥ ✐s ❜♦✉♥❞❡❞ ❜❡❧♦✇ ♦♥ (0,+∞) ✐❢ ❛♥❞ ♦♥❧② ✐❢
(
2κV∞
ε2
− 1
)2
≥ 1
4
✽
❚❤✐s ♠❡❛♥s t❤❛t t❤❡ ❞❡❣r❡❡ d ✭❞❡✜♥❡❞ ❛s d = 4κV∞ε2 ✮ ♦❢ t❤❡ ❈■❘ ❤❛s t♦ s❛t✐s❢②✿
d ∈ (0, 1] ∪ [3,∞).
■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❧✐♠✐t ♦✉r ✇♦r❦ t♦ d ≥ 3✳
❲❡ ❢♦❧❧♦✇ t❤❡ ❣❡♥❡r❛❧ ❢r❛♠❡✇♦r❦ t♦ ❛♣♣❧② t❤❡ ❊①❛❝t ❙✐♠✉❧❛t✐♦♥ ❆❧❣♦r✐t❤♠
✹✳✶ ❋✐♥❛❧ ❱❛❧✉❡
■♥ t❤❡ ✜rst st❡♣✱ ✇❡ ❤❛✈❡ t♦ ❣❡♥❡r❛t❡ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ Y ✇✐t❤ ❞❡♥s✐t②✿
h(x) = Rxc exp
(
−− (x − x̂)
2
2σ2
)
✶x≥0
✇❤❡r❡
c =
2κV∞
ǫ2
− 1
2
x̂ = 2σ2
x0
2T
x0 =
2
ǫ
√
V0 σ
2 =
1
κ
2
+
1
T
❲❡ ✉s❡ ❛ ❝❧❛ss✐❝❛❧ r❡❥❡❝t✐♦♥ ♣r♦❝❡❞✉r❡ t♦ s✐♠✉❧❛t❡ t❤✐s r❛♥❞♦♠ ✈❛r✐❛❜❧❡✳
h(x) ≤ K exp
(
− (x − x̄)
2
2σ̄2
)
❲❡ ❤❛✈❡ t♦ ❝❤♦♦s❡ x̄ ❛♥❞ σ̄ s✉❝❤ t❤❛t t❤❡ ❝♦♥st❛♥t K ✐s ♠✐♥✐♠❛❧✳ ❖✉r ❝❤♦✐❝❡ ✐s
σ̄ = σ x̄ =
x̂ +
√
x̂2 + 4cσ2
2
✹✳✷ ❙✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♠✐♥✐♠✉♠
❚❤❡ s❡❝♦♥❞ st❡♣ ❝♦♥s✐sts ✐♥ ❣❡♥❡r❛t✐♥❣ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s (m, θ) ✇❤❡r❡
m = inf
0≤t≤T
{
B̃t
∣
∣
∣B̃0 = x0, B̃T = Y
}
B̃θ = m
❚❤✐s ❧❛✇ ✐s ❦♥♦✇♥ ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❑❛r❛t③❛s✲❙❤r❡✈❡❬✶✷✱ ♣✳ ✶✵✷❪✮
P
[
m ∈ dα, θ ∈ ds
∣
∣
∣B̃T = Y
]
=
α(α − Y )
√
t3(T − s)3
exp
(
−α
2
2s
− (α − Y )
2
2(T − s)
)
dαds
■♥ ❇❡s❦♦s ❡t ❛❧✳ ❬✻✱ Pr♦♣✳ ✷❪✱ t❤❡ ❛✉t❤♦rs ❣✐✈❡ t❤❡ ❞❡t❛✐❧ ♦❢ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s
✉s❡❞ t♦ s✐♠✉❧❛t❡ (m, θ)✱ t❤❛t ✐s ✇✐t❤ ✉♥✐❢♦r♠ ❧❛✇✱ ❡①♣♦♥❡♥t✐❛❧ ❧❛✇ ❛♥❞ ■♥✈❡rs❡
●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥ ✭❙❡❡ ❉❡✈r♦②❡ ❬✾✱ ♣✳✶✹✾❪ ❢♦r ■♥✈❡rs❡ ●❛✉ss❛✐♥ ❞✐str✐❜✉t✐♦♥✮✳
✹✳✸ ❙✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ P♦✐ss♦♥ P♦✐♥t Pr♦❝❡ss
❲❡ ❛♣♣❧② t❤❡ ♠❡t❤♦❞ ❞❡t❛✐❧❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✷✳ ❲❡ ❣❡♥❡r❛t❡ z1 ∼ E(T )✱ t1 ∼
U(0, T )✱ B̃t1 ❝♦♥❞✐t✐♦♥❡❞ ❜② B̃0, B̃T ,m, θ✳ ■❢ ϕ(B̃t1) > z1✱ ✇❡ r❡❥❡❝t t❤❡ tr❛✲
❥❡❝t♦r②✳ ❊❧s❡✱ ✇❡ ❣❡♥❡r❛t❡ z2 − z1 ∼ E(T )✱ t2 ∼ U(0, T )✱ B̃t2 ❝♦♥❞✐t✐♦♥❡❞ ❜②
B̃0, B̃t1 , B̃T ,m, θ✳ ■❢ ϕ(B̃t2) > z2✱ ✇❡ r❡❥❡❝t t❤❡ tr❛❥❡❝t♦r②✱ ❡t❝✳
✾
✹✳✹ ❙t♦♣♣✐♥❣ ❝♦♥❞✐t✐♦♥
■♥ t❤✐s ❡①❛♠♣❧❡✱ ✇❡ ❛r❡ ♥♦t ❛❜❧❡ t♦ ❡st✐♠❛t❡ ❡①❛❝t❧② K(ω)✳ ❙♦✱ ✇❡ ❤❛✈❡ t♦
❝❤♦♦s❡ ❛ st♦♣♣✐♥❣ ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ❛❧❣♦r✐t❤♠✳ ❲❡ st♦♣ ✭❛♥❞ ❛❝❝❡♣t ✜♥❛❧❧② t❤❡
tr❛❥❡❝t♦r②✮ ✇❤❡♥ ❜♦t❤ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡ s❛t✐s✜❡❞
zn ≥ ϕ(m)
n ≥ N0
✇❤❡r❡ N0 ✐s ❛ ✜①❡❞ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts✳
✺ ❙✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❣r❡❡❦s ✭❉❡❧t❛ ❛♥❞ ●❛♠♠❛✮
■♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s✱ ✇❡ ❤❛✈❡ ❞❡t❛✐❧❡❞ ♦✉r ♠❡t❤♦❞ t♦ ❝♦♠♣✉t✐♥❣ ♣r✐❝❡s ♦❢
♦♣t✐♦♥s ✇✐t❤♦✉t ❞✐s❝r❡t✐③❛t✐♦♥ ❡rr♦r✳ ❚❤❡ s❡♥s✐t✐✈✐t② ♦❢ t❤❡ ♣r✐❝❡s ✇✐t❤ r❡s♣❡❝t t♦
t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❛♥❞ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ❡q✉❛t✐♦♥s ❛r❡ ❛❧s♦ ✈❡r② ✐♠♣♦rt❛♥t
✐♥ ♣r❛❝t✐❝❡✳
❋♦r ✐♥st❛♥❝❡✱ ✐♥ ♦r❞❡r t♦ ❤❡❞❣❡ t❤❡ ♦♣t✐♦♥✱ ✇❡ ♥❡❡❞ t♦ ❡st✐♠❛t❡ t❤❡ ❉❡❧t❛✱
t❤❛t ✐s t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ♣r✐❝❡s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥✳
∆(x) =
d
dx
Ex [ϕ(Xt, 0 ≤ t ≤ T )]
❲❡ ❝❛♥ ✉s❡
∆(x) = lim
δx→0
Ex+δx [ϕ(Xt, 0 ≤ t ≤ T )] − Ex [ϕ(Xt, 0 ≤ t ≤ T )]
δx
.
❇✉t ✇❡ r❡❛❧❧② ♥❡❡❞ ❛ ✈❡r② ❣♦♦❞ ❛❝❝✉r❛❝② ❢♦r t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❜♦t❤ ❡①♣❡❝✲
t❛t✐♦♥s ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❛ s✉✣❝✐❡♥t ❛❝❝✉r❛❝② ❢♦r ∆(x)✳
✺✳✶ Pr❡❧✐♠✐♥❛r✐❡s
■♥ t❤✐s ♣❛rt✱ ✇❡ ❛♣♣❧② ▼❛❧❧✐❛✈✐♥ ❝❛❧❝✉❧✉s t♦ ❡st✐♠❛t❡ t❤❡ ❣r❡❡❦s ✭s❡❡ ❋♦✉r♥✐é ❡t
❛❧✳ ❬✶✵❪✮✳
▲❡t ✉s r❡❝❛❧❧ t❤❡ ♠♦❞❡❧✿ ✇❡ ❤❛✈❡ ❛ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ❞✐✛✉s✐♦♥ ✇✐t❤ ❝♦♥st❛♥t
❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t ✭♣♦ss✐❜❧② ❛❢t❡r ❛ ▲❛♠♣❡rt✐ tr❛♥s❢♦r♠✮
dXt = α(Xt)dt + dWt.
✇❤❡r❡ t❤❡ ❞r✐❢t ❝♦❡✣❝✐❡♥t α s❛t✐s✜❡❞ infx∈R α2(x) + α′(x) > −∞✳
■♥ ❙❡❝t✐♦♥ ✷✱ ✇❡ ❤❛✈❡ ❡①♣❧❛✐♥❡❞ t❤❡ ❛❧❣♦r✐t❤♠ ✉s❡❞ t♦ ❡st✐♠❛t❡ t❤❡ ♣r✐❝❡s ♦❢
♦♣t✐♦♥s V (T, x) = Ex [ϕ(XT )]✳
❲❡ ❞❡♥♦t❡ ❜② Y x t❤❡ ✜rst ✈❛r✐❛t✐♦♥ ♣r♦❝❡ss ❛ss♦❝✐❛t❡❞ t♦ Xx ✭❢♦r ❝♦♥✈❡✲
♥✐❡♥❝❡✱ ✇❡ ✉s❡ ✐♥ t❤✐s s❡❝t✐♦♥ t❤❡ ♥♦t❛t✐♦♥ Xx ❢♦r t❤❡ ♣r♦❝❡ss X s✉❝❤ t❤❛t
X0 = x ✮✳ ❲❡ ❣✐✈❡ t❤❡ ❞❡✜♥✐t✐♦♥ ❛♥❞ t❤❡ ❡q✉❛t✐♦♥ s❛t✐s✜❡❞ ❜② Y x✳



Y xt =
d
dx
Xxt
dY xt = Y
x
t α
′(Xxt )dt
Y x0 = 1
✶✵
❚❤❡ s♦❧✉t✐♦♥ ♦❢ t❤✐s ❧✐♥❡❛r ❡q✉❛t✐♦♥ ✐s
Y xt = exp
(∫ t
0
α′(Xxs )ds
)
. ✭✽✮
❲❡ ❞❡♥♦t❡ ❜② DtXxT t❤❡ ▼❛❧❧✐❛✈✐♥ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ♣r♦❝❡ss X
x❀ t❤✐s ♣r♦❝❡ss
s❛t✐s✜❡s {
dDtX
x
s = DtX
x
s α
′(Xxs )ds
DtX
x
t = 1
✭✾✮
❚❤❡ ♣r♦❝❡ss❡s Y x ❛♥❞ DtXx s❛t✐s❢② t❤❡ ✐❞❡♥t✐t②✿
DtX
x
T =
Y xT
Y xt
✭✶✵✮
❙♦✱ ✇❡ ♦❜t❛✐♥
Y xT = Y
x
t DtX
x
T =
∫ T
0
1
T
Y xt DtX
x
T dt.
■♥ t❤✐s r❡❧❛t✐♦♥✱ ✇❡ ❝❛♥ r❡♣❧❛❝❡ 1T ❜② ❛♥② L
2 ❢✉♥❝t✐♦♥ a s✉❝❤ t❤❛t
∫ T
0
a(t)dt = 1✳
✺✳✷ ❉❡❧t❛
❋♦❧❧♦✇✐♥❣ ❋♦✉r♥✐é ❡t ❛❧✳ ❬✶✵❪✱ ❛♥❞ ✉s✐♥❣ ❝❧❛ss✐❝❛❧ r❡s✉❧ts ♦♥ ▼❛❧❧✐❛✈✐♥ ❝❛❧❝✉❧✉s
✭✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ❢♦r♠✉❧❛✱ s❡❡ ❬✶✺❪✮✱ ✇❡ ♦❜t❛✐♥
∆(x) = Ex [ϕ
′(XxT )Y
x
T ]
=
1
T
Ex
[
∫ T
0
ϕ′(XxT )Dt(X
x
T )Y
x
t dt
]
=
1
T
Ex
[
∫ T
0
Dt(ϕ(X
x
T ))Y
x
t dt
]
=
1
T
Ex [ϕ(X
x
T )δ(Y
x
t )] =
1
T
Ex
[
ϕ(XxT )
∫ T
0
Y xt dWt
]
❘❡♠❛r❦ ✹✳ ❚❤✐s r❡❧❛t✐♦♥ ✐s st✐❧❧ ❛✈❛✐❧❛❜❧❡ ❡✈❡♥ ✐❢ ϕ ✐s ♥♦t ❛ s♠♦♦t❤ ❢✉♥❝t✐♦♥✳
❲❡ ❛❣❛✐♥ ✉s❡ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ ♦✉r ♣r♦❜❧❡♠ t♦ r❡♠♦✈❡ t❤❡ st♦❝❤❛st✐❝ ✐♥t❡❣r❛❧✳
∫ T
0
Y xt dWt = WT Y
x
T − W0Y x0 −
∫ T
0
WtdY
x
t
∫ T
0
Y xt dWt = WT Y
x
T − W0Y x0 −
∫ T
0
WtY
x
t α
′(Xxt )dt ✭✶✶✮
■♥ ♦r❞❡r t♦ ✉s❡ ❛♥ ❡①❛❝t s✐♠✉❧❛t✐♦♥ s❝❤❡♠❡✱ ✇❡ ❞♦♥✬t ✇❛♥t t♦ ❡st✐♠❛t❡ t❤❡
✐♥t❡❣r❛❧ ✭❢♦r ✐♥st❛♥❝❡✱ ✇❡ ❝♦✉❧❞ ✉s❡ ❛ ❞✐s❝r❡t✐s❛t✐♦♥ ♦❢ t❤✐s ✐♥t❡❣r❛❧ ❜✉t ✐t ✇♦✉❧❞
✐♥tr♦❞✉❝❡ ❛ ❜✐❛s✮✳ ❙♦✱ ✇❡ ♥♦✇ ✉s❡ t❤❡ ❝❧❛ss✐❝❛❧ ♣r♦♣❡rt②✿ ❝♦♥s✐❞❡r ❛ st♦❝❤❛st✐❝
♣r♦❝❡ss γ✱
∫ T
0
γtdt = T Ē(γUT ) ✭✶✷✮
✇❤❡r❡ U ✐s r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✇✐t❤ ✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥ ♦♥ [0, 1]✱ ✐♥❞❡♣❡♥❞❡♥t ♦❢
γ ❛♥❞ Ē ✐s t❤❡ ❡①♣❡❝t❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ U ✳
✶✶
❘❡♠❛r❦ ✺✳ ❚❤❡ ❞r❛✇❜❛❝❦ ♦❢ t❤✐s ♠❡t❤♦❞ ✐s t❤❡ ✐♥❝r❡❛s❡ ♦❢ t❤❡ ✈❛r✐❛♥❝❡✳ ❙❡❡
❬✶✸❪ ❢♦r ❛ ❞✐s❝✉ss✐♦♥ ♦♥ t❤✐s t♦♣✐❝✳
❯s✐♥❣ t❤✐s ♣r♦♣❡rt② ❛♥❞ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ Y ✭✽✮✱ ✇❡ ♦❜t❛✐♥
∆(x) = E
[
ϕ(XxT )
T
(
WT exp
∫ T
0
α′(Xxs )ds −
W0
T
−WU1T α′(XxU1T ) exp
∫ U1T
0
α′(Xxs )ds
)]
❲❡ ♥♦✇ ❛♣♣❧② ●✐rs❛♥♦✈ ❚❤❡♦r❡♠ ❛♥❞ ✇❡ ✉s❡ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥ ❛s ✐♥ ❙❡❝t✐♦♥ ✷
∆(x) = E
[
ϕ(B̃T )
T
exp
(
−1
2
∫ T
0
α2(B̃s) + α
′(B̃s)ds
)
×
(
(B̃T −
∫ T
0
α(B̃t)dt) exp
∫ T
0
α′(B̃xs )ds −
x
T
−
(
B̃U1T −
∫ U1T
0
α(B̃s)ds
)
α′(B̃U1T ) exp
∫ U1T
0
α′(B̃xs )ds
)]
❲❡ ❛ss✉♠❡ t❤❛t α2 + α′ ❛♥❞ α2 −α′ ❛r❡ ❜♦t❤ ❜♦✉♥❞❡❞ ❜❡❧❧♦✇ ❢✉♥❝t✐♦♥s ❛♥❞ ✇❡
❛♣♣❧② t❤❡ s❛♠❡ r❡❥❡❝t✐♦♥ ♣r♦❝❡❞✉r❡ ❛s ✐♥ ❙❡❝t✐♦♥ ✷
∆(x) = −E
[
xϕ(B̃T )
T 2
exp
(
−1
2
∫ T
0
α2(B̃s) + α
′(B̃s)ds
)]
+ E
[
ϕ(B̃T )
T
(
B̃T − Tα(B̃U2T )
)
exp
(
−1
2
∫ T
0
α2(B̃s) − α′(B̃s)ds
)]
− E
[
ϕ(B̃T )
T
(
B̃U1T − U1Tα(B̃U1U2T )
)
α′(B̃U1T )
exp
(
−1
2
∫ T
0
α2(B̃s) + (1 − 2✶U1T≤s≤T )α′(B̃s)ds
)]
❚❤✐s ❡①♣r❡ss✐♦♥ ♣❡r♠✐ts t♦ s✐♠✉❧❛t❡ ❡①❛❝t❧② ∆(x) ✇✐t❤ t❤❡ s❛♠❡ ♣r♦❝❡❞✉r❡ ❛s
t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ♣r✐❝❡s✳
✺✳✸ ❆✉①✐❧✐❛r② ❈♦♠♣✉t❛t✐♦♥s
■♥ t❤✐s ❙❡❝t✐♦♥✱ ✇❡ ❣✐✈❡ s♦♠❡ t❡❝❤♥✐❝❛❧ r❡s✉❧ts ✉s❡❢✉❧ t♦ ❛♣♣❧② ❛ s✐♠✐❧❛r ❛❧❣♦r✐t❤♠
❢♦r t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ●❛♠♠❛✳ ❉✉❡ t♦ t❤❡ q✉❛♥t✐t② ♦❢ ❝❛❧❝✉❧✉s✱ ✇❡ ❝❤♦♦s❡
t♦ ❣✐✈❡ ♦♥❧② t❤❡ ♠❛✐♥ ✐❞❡❛s ❛♥❞ ❧❡❛✈❡ t❤❡ ❞❡t❛✐❧s ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥ t♦ t❤❡
r❡❛❞❡r✳
❲❡ ❞❡♥♦t❡ ❜② Zxt t❤❡ s❡❝♦♥❞ ✈❛r✐❛t✐♦♥ ♣r♦❝❡ss ❛ss♦❝✐❛t❡❞ t♦ X
x
t



Zxt =
d2
dx2
Xxt
ZxT =
∫ T
0
α′′(Xxt ) (Y
x
t )
2
+ α′(Xxt )Z
x
t dt
✶✷
❲❡ s♦❧✈❡ t❤✐s ❧✐♥❡❛r ❡q✉❛t✐♦♥ ❛♥❞ ♦❜t❛✐♥
ZxT = Y
x
T
∫ T
0
α′′(Xxs )Y
x
s ds. ✭✶✸✮
❲❡ ♥❡❡❞ ❛❧s♦ t❤❡ ▼❛❧❧✐❛✈✐♥ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ✜rst ✈❛r✐❛t✐♦♥ ♣r♦❝❡ss Y x ✇❤✐❝❤ ✐s
s♦❧✉t✐♦♥ ♦❢
DtY
x
T =
∫ T
0
α′′(Xxs )Y
x
s DtX
x
s + α
′(Xxs )DtY
x
s ds
❲❡ s♦❧✈❡ t❤✐s ❧✐♥❡❛r ❡q✉❛t✐♦♥ ❛♥❞ ♦❜t❛✐♥
DtY
x
T =
Y xT
Y xt
∫ T
t
α′′(Xxs )Y
x
s ds ✭✶✹✮
✺✳✹ ●❛♠♠❛
❋♦❧❧♦✇✐♥❣ t❤❡ ✐❞❡❛ ♦❢ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❡ ✜rst s✉♣♣♦s❡ t❤❛t ϕ ✐s s♠♦♦t❤✳ ▲❡t
✉s r❡❝❛❧❧ ❛♥ ❡①♣r❡ss✐♦♥ ♦❢ ∆(x) ❛♥❞ ❣✐✈❡ Γ(x)
∆(x) = E
[
ϕ(XxT )
T
∫ T
0
Y xt dWt
]
Γ(x) = E
[
Ψ′(XxT )
T
Y xT
∫ T
0
Y xt dWt
]
︸ ︷︷ ︸
Γ1(x)
+ E
[
ϕ(XxT )
T
∫ T
0
Zxt dWt
]
︸ ︷︷ ︸
Γ2(x)
❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ Γ2 ❞♦❡s ♥♦t ♣r❡s❡♥t ❞✐✣❝✉❧t✐❡s
Γ2(x) = E
[
ϕ(XT )
T
(
WT Y
x
T
∫ T
0
α′′(Xxt )Y
x
t dt −
∫ T
0
Wt (Y
x
t )
2
α′′(Xxt )dt
−
∫ T
0
∫ t
0
Wtα
′(Xxt )α
′′(Xxu)Y
x
u Y
x
t dudt
)]
✭✶✺✮
❲❡ ✇✐❧❧ ✉s❡ t❤❡ ▼❛❧❧✐❛✈✐♥ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rt ❢♦r♠✉❧❛ t♦ ♦❜t❛✐♥ ❛ tr❛❝t❛❜❧❡
❢♦r♠✉❧❛t✐♦♥ ❢♦r Γ1✳ ❚❤❛♥❦s t♦ ✭✶✵✮✱
Γ1(x) =
1
T 2
E
[
∫ T
0
Dtϕ(X
x
T )Y
x
t
∫ T
0
Y xs dWsdt
]
=
1
T 2
E
[
ϕ(XxT )δ
(
Y xt
∫ T
0
Y xs dWs
)]
❲❡ ✜♥❛❧❧② ❤❛✈❡ t♦ ♠❛❦❡ ❡①♣❧✐❝✐t t❤❡ ❞✐✈❡r❣❡♥❝❡ ♦♣❡r❛t♦r ✐♥ t❤❡ ❧❛st ❡q✉❛t✐♦♥✳
❲❡ ❛♣♣❧② ❬✶✺✱ Pr♦♣✳ ✶✳✸✳✸❪ t♦ ♦❜t❛✐♥
δ
(
Y xt
∫ T
0
Y xs dWs
)
=
∫ T
0
Y xs dWsδ (Y
x
t ) −
∫ T
0
Dt
(
∫ T
0
Y xs dWs
)
Y xt dt
❛♥❞ Dt
(
∫ T
0
Y xs dWs
)
= Y xt +
∫ T
t
DtY
x
s dWs
✶✸
❉✉❡ t♦ t❤❡ ❞✐♠❡♥s✐♦♥✱ ✇❡ ❛❣❛✐♥ ❝❛♥ r❡♠♦✈❡ t❤❡ st♦❝❤❛st✐❝ ✐♥t❡❣r❛❧s✿
∫ T
t
DtY
x
s dWs =(DtY
x
T ) WT −
∫ T
t
Wsα
′′(Xxs )Y
x
s
Y xs
Y xt
ds
−
∫ T
t
Ws
α′(Xxs )Y
x
s
Y xt
∫ s
t
α′′(Xxu)Y
x
u duds
❲❡ s✉♠♠❛r✐③❡ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ Γ ❛♥❞ ✉s❡ ❛❣❛✐♥ ✭✶✷✮✳ ❲❡ ❞❡♥♦t❡ ❜② U1✱ U2
❛♥❞ U3 t❤r❡❡ ✉♥✐❢♦r♠ ✐♥❞❡♣❡♥❞❡♥t r❛♥❞♦♠ ✈❛r✐❛❜❧❡✱ ✐♥❞❡♣❡♥❞❡♥t ♦❢ W ✳
Γ(x) = E
[
Ψ(XxT )
(
x2
T 2
− 2x
T 2
WT Y
x
T +
1
T 2
(WT )
2
(Y xT )
2
+
2x
T
WU1T α
′(XxU1T )Y
x
U1T
− 1
T
(
Y xU1T
)2
+ (U1 − 1) WU1T α′′(XxU1T )
(
Y xU1T
)2
+WU1T α
′(XxU1T )WU2T α
′(XxU2T )Y
x
U1T Y
x
U2T
−2WT
T
WU1T α
′(XxU1T )Y
x
T Y
x
U1T + W
x(T ) (1 − U1) α′′(XxU1T )Y xT Y xU1T
+U1T (U1U2 − 1) WU1T α′(XxU1T )α′′(XxU1U2T )Y xU1U2T Y xU1T
)]
❋✐♥❛❧❧②✱ ❛s ✐♥ ❙❡❝t✐♦♥ ✷✱ ✇❡ ✉s❡ ●✐rs❛♥♦✈ ❚❤❡♦r❡♠ t♦ r❡♣❧❛❝❡ t❤❡ ❧❛✇ ♦❢ X
❜② t❤❡ ❧❛✇ ♦❢ ❛ ❇r♦✇♥✐❛♥ ❜r✐❞❣❡❀ ✇❡ r❡♣❧❛❝❡ Wt ❜② B̃t − tα(B̃Ut)
❲❡ ♥❡❡❞ ♥♦✇ t♦ ❛ss✉♠❡ t❤❛t α2 + α′✱ α2 − α′ ❛♥❞ α2 − 3α′ ❛r❡ t❤r❡❡ ❢✉♥❝✲
t✐♦♥s ❜♦✉♥❞❡❞ ❜❡❧❧♦✇✳ ❚❤❡♥✱ ✇❡ ❝❛♥ s✐♠✉❧❛t❡ ❡①❛❝t❧② t❤❡ q✉❛♥t✐t② ✐♥ t❤❡ ❧❛st
❡①♣❡❝t❛t✐♦♥✳
❘❡♠❛r❦ ✻✳ ■♥ ❬✷❪✱ t❤❡ ❛✉t❤♦rs ❣✐✈❡ ❡①♣❧✐❝✐t ❢♦r♠✉❧❛ ♦❢ t❤❡ ▼❛❧❧✐❛✈✐♥ ❞❡r✐✈❛t✐✈❡
✐♥ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ t❤❡ ❈■❘✱
✻ ◆✉♠❡r✐❝❛❧ ❘❡s✉❧ts
■♥ t❤✐s ❙❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✇✐t❤ ♦✉r ♠❡t❤♦❞✳ ❲❡
❤❛✈❡ ✜rst st✉❞✐❡❞ ❛♥ ❛❝❛❞❡♠✐❝ ❡①❛♠♣❧❡ ✐♥ ♦r❞❡r t♦ ✐♠♣r♦✈❡ t❤❡ ❛❞✈❛♥t❛❣❡ ♦❢
♦✉r ✇❛② t♦ ❣❡♥❡r❛t❡ t❤❡ P♦✐ss♦♥ P♦✐♥t Pr♦❝❡ss✳ ■♥ ❛ s❡❝♦♥❞ s❡❝t✐♦♥✱ ✇❡ st✉❞✐❡❞
t❤❡ ❈■❘✳
✻✳✶ ❆♥ ❛❝❛❞❡♠✐❝ ❡①❛♠♣❧❡✿ ❛ ♠♦❞✐✜❡❞ ❖r♥st❡✐♥ ❯❤❧❡♥❜❡❝❦
❲❡ ❝♦♥str✉❝t ❛♥ ❡①❛♠♣❧❡ ✇✐t❤ ❛ r❡❣✉❧❛r ❞r✐❢t α s✉❝❤ t❤❛t lim−∞ α2 +α′ = +∞
❛♥❞ lim+∞ α2 + α′ < ∞
X0 = x0
dXt = α(Xt)dt + dBt
α(x) =
(
−Mx + x
2
)
✶x≤−1 +
M
2
x2✶−1≤x≤0.
❲❡ ❣❡♥❡r❛t❡ ❡①❛❝t r❡❛❧✐s❛t✐♦♥s ♦❢ t❤❡ ♣r♦❝❡ss X✱ ❛♥❞ ✇❡ ❝♦♠♣❛r❡ t❤❡ t✐♠❡s ♦❢
s✐♠✉❧❛t✐♦♥ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♠❛t✉r✐t② T ✳ ❋✐❣✳ ✶ ♣r❡s❡♥t t❤❡ r❡s✉❧ts✳ ❲❡
✶✹
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Method 1: PPP increasing in time
Method 2: PPP increasing in Z
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❋✐❣✉r❡ ✶✿ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ t✐♠❡ ♦❢ s✐♠✉❧❛t✐♦♥ ❢♦r t✇♦ ♠❡t❤♦❞s ♦❢ s✐♠✉❧❛t✐♦♥
♦❢ t❤❡ P♦✐ss♦♥ P♦✐♥t Pr♦❝❡ss✳ ❚❤❡ r❡s✉❧t ❛r❡ ❣✐✈❡♥ ❛s ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✜♥❛❧ t✐♠❡
T
♦❜s❡r✈❡ t❤❛t t❤❡ t✐♠❡s ♦❢ s✐♠✉❧❛t✐♦♥ s❡❡♠ t♦ ❜❡ ✈❡r② ❝❧♦s❡ ❢♦r s♠❛❧❧ ✈❛❧✉❡ ♦❢ T ✳
❚❤❡② ✐♥❝r❡❛s❡ ❜♦t❤ ✇✐t❤ ❛♥ ❡①♣♦♥❡♥t✐❛❧ r❛t❡ ❜✉t t❤❡ ❝♦♥st❛♥t ✐s s♠❛❧❧❡r ✇✐t❤
♦✉r ♠❡t❤♦❞✳
✻✳✷ ❈■❘
■♥ t❤✐s ❙❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢
t❤❡ ❈■❘ ✭s❡❡ ❙❡❝t✐♦♥ ✹✮✳ ❲❡ r❡❝❛❧❧ t❤❡ ❙❉❊ ✭✼✮
VT = V0 +
∫ T
0
κ (V∞ − Vt) dt + ε
∫ T
0
√
VtdBt.
❚❤❡ ♣❛r❛♠❡t❡rs ❛r❡ ✜①❡❞ t♦ t❤❡ ✈❛❧✉❡s
κ = 0.5 V∞ = 0.04 ε = 0.1 T = 1.
❲❡ ❛♣♣❧② ♦✉r ♠❡t❤♦❞ t♦ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ EV0f(VT ) ✭Pr✐❝❡s✮✱
∂
∂V0
EV0f(VT )
✭❉❡❧t❛✮ ❛♥❞
∂2
∂V 20
EV0f(VT ) ✭●❛♠♠❛✮ ✇❤❡r❡ f ✐s ❛ s♠♦♦t❤ ❢✉♥❝t✐♦♥ ✭f(x) = x
2)
♦r f ✐s ♥♦t s♠♦♦t❤ ✭f(x) = ✶x>0.06)✳
❆ ❙♠♦♦t❤ ❢✉♥❝t✐♦♥✿ f(z) = z2 ❚❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ s❡❝♦♥❞ ♠♦♠❡♥t ❛♥❞
t❤❡ ❞❡r✐✈❛t✐✈❡s ❛r❡
V0 = 0.04
∂
∂V0
EV0(V
2
T ) = 0.0533178 ± 1.6 × 10−5
EV0(V
2
T ) = 0.00185282 ± 5.8 × 10−8
∂2
∂V 20
EV0(V
2
T ) = 0.736373 ± 4.6 × 10−3,
✶✺
✇❤❡r❡ t❤❡ ✈❛❧✉❡ ❛❢t❡r ± ✐s t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥✳ ■♥ t❤✐s t❡st ❝❛s❡✱ ✇❡ ❝❛♥
❝♦♠♣✉t❡ t❤❡ ❡①❛❝t ✈❛❧✉❡ ♦❢ t❤❡ s❡❝♦♥❞ ♠♦♠❡♥t✳ ❚❤❡ ❋✐❣✳ ✷ ❣✐✈❡s t❤❡ ❡rr♦r ✇❤❡♥
✇❡ ❛♣♣r♦①✐♠❛t❡ t❤❡ ♣r✐❝❡ ✇✐t❤ ❛ ❧✐♥❡❛r ❢✉♥❝t✐♦♥ ♦r ❛ q✉❛❞r❛t✐❝ ❢✉♥❝t✐♦♥✳
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Standard Deviation Quadratic Extrapolation
Standard Deviation Linear Extrapolation
Error Quadratic Extrapolation
Error Linear Extrapolation
❋✐❣✉r❡ ✷✿ ❊rr♦r ❢♦r E(f(VT ) ❢♦r ❧✐♥❡❛r ❛♥❞ q✉❛❞r❛t✐❝ ❛♣♣r♦①✐♠❛t✐♦♥s
❆ ♥♦♥ s♠♦♦t❤ ❢✉♥❝t✐♦♥✿ f(z) = ✶z>0.06 ■♥ ❚❛❜❧❡ ✶ ❛♥❞ ❋✐❣✳ ✸✱ ✇❡ ❣✐✈❡ t❤❡
❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ V0 7→ PV0(V1 > 0.06) ♦❜t❛✐♥❡❞ ❜② ▼♦♥t❡✲❈❛r❧♦ s✐♠✉❧❛t✐♦♥s
❛♥❞ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❜t❛✐♥❡❞ ❜② ❛♥ ❡①tr❛♣♦❧❛t✐♦♥ ♦❢ ♦r❞❡r t✇♦ ♦❢ t❤✐s ❢✉♥❝t✐♦♥
❛rr♦✉♥❞ V0 = 0.04 ✇✐t❤ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❉❡❧t❛ ❛♥❞ ●❛♠♠❛✳
❘❡♠❛r❦ ✼✳ ❋♦r t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❈■❘✱ ✇❡ ❤❛✈❡ ✜rst ❣❡♥❡r❛t❡❞ t❤❡ ✐♥✜♠✉♠
m ♦❢ t❤❡ ❇r♦✇♥✐❛♥ ❜r✐❞❣❡ ❛♥❞ ✇❡ ❤❛✈❡ ♦♥❧② ❛❝❝❡♣t❡❞ t❤❡ tr❛❥❡❝t♦r✐❡s ✇✐t❤ ❛
♥♦♥ ♥❡❣❛t✐✈❡ ✐♥✜♠✉♠✳ ❲❡ ❤❛✈❡ ❛❧s♦ ✐♠♣♦s❡❞ t❤❡ ❝♦♥❞✐t✐♦♥ K ≥ ϕ(m) ✐♥ ♦r❞❡r
t♦ ❛❝❝❡♣t ❛ tr❛❥❡❝t♦r②✳
■♥ ❋✐❣✳ ✹✱ ✇❡ ✐❧❧✉str❛t❡ ❚❤❡♦r❡♠ ✶✳ ❲❡ ❞❡♥♦t❡ ❜② F t❤❡ ♦r❞✐♥❛t❡ ♦❢ t❤❡ ♣♦✐♥t
♦❢ t❤❡ P♦✐ss♦♥ P♦✐♥t Pr♦❝❡ss ✉s❡❞ t♦ r❡❥❡❝t ❛ tr❛❥❡❝t♦r②✳
✼ ❈♦♥❝❧✉s✐♦♥
■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❤❛✈❡ r❡❧❛①❡❞ t❤❡ ❛ss✉♠♣t✐♦♥ t♦ ❛♣♣❧② t❤❡ ❡①❛❝t s✐♠✉❧❛t✐♦♥
❛❧❣♦r✐t❤♠ ♣r♦♣♦s❡❞ ❜② ❇❡s❦♦s ❡t ❛❧✳ ❬✻❪✳ ❲❡ ❤❛✈❡ ❛❧s♦ ✉s❡❞ ▼❛❧❧✐❛✈✐♥ ❝❛❧❝✉❧✉s
t♦ ❣✐✈❡ ❡①❛❝t ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ❉❡❧t❛ ❛♥❞ t❤❡ ●❛♠♠❛✳ ❚❤✐s ♠❡t❤♦❞♦❧♦❣② ❝❛♥
❜❡ ♦❜✈✐♦✉s❧② ❛♣♣❧② t♦ ❡st✐♠❛t❡ t❤❡ s❡♥s✐t✐✈✐t② ♦❢ t❤❡ ♣r✐❝❡ t♦ t❤❡ ♣❛r❛♠❡t❡rs ♦❢
t❤❡ ♠♦❞❡❧✳ ❲❡ ❤❛✈❡ r❡♠♦✈❡❞ t❤❡ ❡rr♦r ❞✉❡ t♦ t❤❡ t✐♠❡ ❛♥❞ s♣❛❝❡ ❞✐s❝r❡t✐③❛t✐♦♥s
❛♥❞ ✇❡ ❤❛✈❡ ♦♥❧② t❤❡ ▼♦♥t❡ ❈❛r❧♦ ❡rr♦r✳
❍♦✇❡✈❡r✱ ✇❡ ❤❛✈❡ ❛ str♦♥❣ r❡str✐❝t✐♦♥✿ t❤✐s ♠❡t❤♦❞ ❝❛♥♥♦t ❜❡ ❣❡♥❡r❛❧✐③❡❞
❡❛s✐❧② t♦ ❞✐♠❡♥s✐♦♥ ❣r❡❛t❡r t❤❛♥ ♦♥❡✳ ❚❤❡ s❡❝♦♥❞ r❡str✐❝t✐♦♥ ✐s ❞✉❡ t♦ ❛ ❜✐❣
✈❛r✐❛♥❝❡ ✭❡s♣❡❝✐❛❧❧② ❢♦r t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ●❛♠♠❛✮ ❛♥❞ ✐t s❤♦✉❧❞ ♣r♦❜❛❜❧②
❜❡ ❛ ❜✐❣ ❛❞✈❛♥❝❡ ✐❢ ✇❡ ❝♦✉❧❞ ♣r♦♣♦s❡ ♠♦r❡ ❡✣❝✐❡♥t ✈❛r✐❛♥❝❡ r❡❞✉❝t✐♦♥ t❡❝❤♥✐q✉❡s✳
✶✻
V0 Pr✐❝❡ st❞❞❡✈ ❉❡❧t❛ st❞❞❡✈ ●❛♠♠❛ st❞❞❡✈
✵✳✵✶ ✵✳✾✾✻✺✾✾ ✶✳✵✻✷✾❡✲✵✺ ✲✵✳✼✶✽✹✽✽ ✵✳✵✸✸✹✸✷✷ ✲✶✵✼✳✻✺✷ ✶✶✳✸✸✸✸
✵✳✵✷ ✵✳✾✽✷✾✷✺ ✷✳✸✻✺✷✼❡✲✵✺ ✲✷✳✶✼✻✹✻ ✵✳✵✷✼✻✼✸✷ ✲✷✶✺✳✽✻✹ ✽✳✷✹✶✸✷
✵✳✵✸ ✵✳✾✹✾✶✽✾ ✹✳✵✵✾✺✹❡✲✵✺ ✲✹✳✻✸✽✹✻ ✵✳✵✷✹✹✹✶ ✲✷✽✵✳✽✷✸ ✻✳✾✾✷✽
✵✳✵✸✻ ✵✳✾✶✻✹✵✺ ✺✳✵✺✸✷✽❡✲✵✺ ✲✻✳✸✹✷✸✸ ✵✳✵✷✷✽✹✶✶ ✲✷✽✼✳✵✵✼ ✻✳✹✺✻✵✽
✵✳✵✸✽ ✵✳✾✵✸✵✺✶ ✺✳✹✵✷✶✺❡✲✵✺ ✲✻✳✾✶✵✷✶ ✵✳✵✷✷✸✸✸✶ ✲✷✼✻✳✵✻✻ ✻✳✷✾✷✹✾
✵✳✵✹ ✵✳✽✽✽✻✼✻✺ ✺✳✼✹✷✸✷❡✲✵✺ ✲✼✳✹✼✷✷✻ ✵✳✵✷✶✽✸✷✻ ✲✷✼✻✱✾✵✽ ✻✳✶✸✺✽✺
✵✳✵✹✷ ✵✳✽✼✸✷✹✻ ✻✳✵✼✹✷❡✲✵✺ ✲✽✳✵✶✸✺✸ ✵✳✵✷✶✸✸✼ ✲✷✼✷✳✾✾✹ ✺✳✾✽✷✺✽
✵✳✵✹✹ ✵✳✽✺✻✻✷✺ ✻✳✸✾✽✹❡✲✵✺ ✲✽✳✺✹✺✺✹ ✵✳✵✷✵✽✺✵✽ ✲✷✺✸✳✽✷✻ ✺✳✽✸✷✼✻
✵✳✵✹ ✵✳✽✽✽✻✽✻ ✺✳✼✹✷✸✷❡✲✵✺ ✲✼✳✹✽✺✹✻ ✵✳✵✷✶✽✸✷✻ ✲✷✼✾✳✻✼✼ ✻✳✶✸✺✽✺
✵✳✵✺ ✵✳✽✵✶✵✻✹ ✼✳✷✽✽✸✻❡✲✵✺ ✲✾✳✾✾✸✶✾ ✵✳✵✶✾✹✶✷✸ ✲✷✶✸✳✹✼✸ ✺✳✹✵✸✼✺
✵✳✵✻ ✵✳✻✾✷✶✻ ✽✳✹✷✼✻✸❡✲✵✺ ✲✶✶✳✺✽✺✸ ✵✳✵✶✼✵✼✽✺ ✲✶✶✶✳✻✸✶ ✹✳✼✷✷✺✶
✵✳✵✼ ✵✳✺✼✷✽✽✻ ✾✳✵✸✶✷❡✲✵✺ ✲✶✷✳✵✽✼✹ ✵✳✵✶✹✽✹✻✶ ✶✸✳✷✻✺✻ ✹✳✵✼✺✼✻
✵✳✵✽ ✵✳✹✺✹✷✵✼ ✾✳✵✾✵✸✹❡✲✵✺ ✲✶✶✳✹✼✻✽ ✵✳✵✶✷✼✸✺✻ ✶✵✻✳✸✾✻ ✸✳✹✻✺✹✹
✵✳✵✾ ✵✳✸✹✺✺✹✺ ✽✳✻✽✷✷✸❡✲✵✺ ✲✶✵✳✶✷✶✼ ✵✳✵✶✵✼✾✷✺ ✶✻✵✳✸✸✻ ✷✳✾✵✹✸✼
❚❛❜❧❡ ✶✿ ❊st✐♠❛t✐♦♥ ♦❢ t❤❡ Pr✐❝❡s ✭A0(f)✮✱ ❉❡❧t❛ ✭A1(f)✮✱ ●❛♠♠❛ ✭A2(f)✮ ❛♥❞
t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ❢♦r t❤❡ ❈■❘ ✇✐t❤ ❛ ❞✐❣✐t❛❧ ♦♣t✐♦♥✱ t❤❛t ✐s
f(z) = ✶z>0.06✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ▼♦♥t❡ ❈❛r❧♦ s✐♠✉❧❛t✐♦♥s ✐s 30 × 106✳
❆♥♦t❤❡r ❞✐r❡❝t✐♦♥ s❤♦✉❧❞ ❝♦♥s✐st ✐♥ ✉s✐♥❣ ✇❡✐❣❤ts ✐♥st❡❛❞ ♦❢ ❡①❛❝t tr❛❥❡❝t♦r②
s✐♠✉❧❛t✐♦♥ ✭s❡❡ ❬✶✶❪✮✳ ■t s❤♦✉❧❞ ❜❡ ♣♦ss✐❜❧❡ t♦ ❡st✐♠❛t❡ t❤❡ ❣r❡❡❦s ✇✐t❤ s✉❝❤ ❛
♠❡t❤♦❞✳
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Monte Carlo approximation
Polynomial approximation
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❋✐❣✉r❡ ✹✿ ❈✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♦r❞✐♥❛t❡ ♦❢ t❤❡ ♣♦✐♥t ✉s❡❞ ❢♦r
t❤❡ r❡❥❡❝t
✶✽
❘❡❢❡r❡♥❝❡s
❬✶❪ ❆✳ ❆❧❢♦♥s✐✳ ❖♥ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ s❝❤❡♠❡s ❢♦r t❤❡ ❈■❘ ✭❛♥❞ ❇❡ss❡❧ sq✉❛r❡❞✮
♣r♦❝❡ss❡s✳ ▼♦♥t❡ ❈❛r❧♦ ▼❡t❤♦❞s ❆♣♣❧✳✱ ✶✶✭✹✮✿✸✺✺✕✸✽✹✱ ✷✵✵✺✳
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